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^ ■ ABSTRACT 

(N : 

^ I A ring R is called right SSP (SIP) if the sum (intersection) of any two direct 

Q> I summands of Rr is also a direct summand. Left sides can be defined similarly. 

r^ ! The following are equivalent: (1) R is right SSP. (2) R is right C3 and right 

t^ : SIP. (3) R is left C3 and left SIP. (4) R is left SSP. It is also shown that (1) R 

n . is a von-Neumann regular ring if and only if M2(-R) is right SSP if and only if 
M„(i?) is right SSP for some n > 1; (2) i? is a semisimple ring if and only if 

^ ■ the column finite matrix ring CFMA(i?) is right SSP for a countably infinite 

^ ■ set A if and only if the column finite matrix ring CFMa(-R) is right SSP for 

cn ■ any infinite set A. Some known results are improved. 

I> ■ 

O I Keywords: SSP, SIP, C3, regular ring, semisimple ring 

,__! I Mathematics Subject Classification: 16E50, 15A30 

>'■ 

%J : 1. INTRODUCTION 

. M: 

Throughout this paper, rings are associative with identity and modules are 
unitary modules. We denote by N the set of natural numbers. For a ring R, 
M„(i?) denotes the ring of all n x n matrices over R. Let A be an infinite 
set. CFMa(/?) means the column finite card{A) x card{A) matrix ring over 
R, where card{A) is the cardinality of A. For a module M, M*^^) is the direct 
sum of copies of M indexed by a set A. We use N <® M to show that A^ is a 
direct summand of M. And use End(M) to denote the ring of endomorphisms 
of M. For a subset A of a ring R, the left annihilator of A in i? is 1(A) = 
{r G -R : rx = for all x G A}. Right annihilators are defined analogously. 

Let i? be a ring. Recall that an i?-module M has the summand intersection 
property (SIP) if the intersection of any two direct summands of M is also a 
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direct summand of M. M has the summand sum property (SSP) if the sum of 
any two direct summands of M is also a direct summand of M. The two dual 
definitions of modules have been studied by several authors such as Wilson [5], 
Garcia |3], Hansen [1], Alkan, Harmanci [1] and so on. 

It is well-known that the above two dual definitions of modules can't inform 
each other. But when we especially concentrate on such properties of rings, 
several unexpected and interesting results appear. A ring R is called right 
SSP (SIP) if the sum (intersection) of any two direct summands of the right 
i?-module Rr is also a direct summand. Left sides can be defined similarly. 
Recall that an i?-module M is called a C3 module if whenever N <^ M and 
K <Q) M such that iV n i^ = 0, then N + K <(^ M. A ring R is called right 
(left) C3 if Rr (rR) is a C3 module. It is clear that a right SSP ring is right 
C3. By Theorem 2.4 and Theorem 2.7, a ring R is right SSP if and only if it 
is right C3 and right SIP if and only if it is left C3 and left SIP if and only 
if it is left SSP. Several examples are given. It is shown in Theorem 2.14 that 
a ring R is von-Neumann regular if and only if M2(-R) is SSP if and only if 
M„(i?) is SSP for some ra > 1 if and only if M„(i?) is SSP for any n > I. At 
last, in Theorem 2.17, it is proved that a ring R is semisimple if and only if 
CFMA(i?) is right SSP for a countably infinite set A if and only if CFMA(i?) 
is right SSP for any infinite set A. Some known results are improved. 

2. RESULTS 

Definition 2.1. A ring R is called right SSP (SIP) if the sum (intersection) of 
any two direct summands of the right i?-module Rr is also a direct summand. 
Left SSP (SIP) rings can be defined similarly. A ring R is called SSP (SIP) if 
R is right and left SSP (SIP). 

First we show that the SSP definitions of rings are left-right symmetric. 

Lemma 2.2. Let e and f be two idempotents of a ring R. Then 
eR+fR <e Rr if and only if (l-e)fR <e Rr- 

Proof It is easy to prove that eR + fR = eR®{l- e)fR. If eR + fR <® Rr, 
then there exists a right ideal T oi R such that {eR + fR) © T = Rr. So 
eR © (1 — e)fR © T = Rr. This implies that (1 — e)fR <® Rr. Conversely, 
assume (1 — e)fR <® Rr. Since (1 — e)fR < (1 — e)R, (1 — e)fR is also 
a direct summand of (1 — e)i?. So there is a right ideal K oi R such that 
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{l-e)fR®K = {l-e)R. Thus Rr = eR®{l-e)R = eR®{l~e)fR®K = 
{eR + fR) © K. So eR + fR <e Rr. □ 

Recall that an element a of i? is called regular if there exists h E R such that 
a = aba. R is called {von-Neumann) regular if every element of R is regular. 
The following lemma is well-known. 

Lemma 2.3. Let a be an element of a ring R. The following are equivalent. 

(1) a is regular. 

(2) aR <e Rr. 

(3) Ra <^rR. 

The next result can also be derived from [Sj Proposition 2.2]. To be self- 
contained, we give the direct proof through idempotents of rings. 

Theorem 2.4. The following are equivalent for a ring R. 

(1) Rzs right SSP. 

(2) For any two idempotents e and f of R, efR <® Rr. 

(3) R is left SSP. 

(4) For any two idempotents e and f of R, Ref <®rR. 

Proof. By Lemma 2.2, it is easy to show that (1)<(=^(2) and (3)<(=^(4). According 
to Lemma 2.3, (2)^(4). D 

By the above theorem, we have 

Example 2.5. Regular rings, abelian rings (especially commutative rings) are 
SSP. Recall that a ring R is called abelian if its idempotents are contained in 
the center of R. 

Since a ring R is right SSP if and only if it is left SSP, we will only consider 
SSP rings. 

Lemma 2.6. [IJ Lemma 19 (1)] Let M be a C3 module. If M has the SIP, 
then M has the SSP. 

Theorem 2.7. The following are equivalent for a ring R. 

(1) R IS SSP. 

(2) R IS right C3 and right SIP. 

(3) R IS left C3 and left SIP. 
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Proof. We only prove (1)<S=^(2). (1)<;=^(3) is similar. 

(2)^(1) is obtained by Theorem 2.4 and Lemma 2.6. 

For (1)^(2), since R is SSP, R is right C3. Now we show that R is right SIP. 

Let e and / be two idempotents of R. Then 

eRnfR = r(l - e) n r(l - /) = r{R{l - e) + R{1 - /)). 

As R is SSP, there exists an idempotent g oi R such that R{1 — e) + R{1 — f) = 
Rg. Thus {eR n fR) = r{g) = (1 - g)R <® i?/?. So R is right SIP. D 

According to the above theorem, we give the following three remarks. 

Remark 2.8. A left SIP ring may not be right SIP. 

Proof. By ^ Corollary 2.6 (iii)], a ring R is left (right) semihereditary if and 
only if every ring which is Morita-equivalent to R is left (right) SIP. Since a 
left semihereditary ring may not be right semihereditary, a left SIP ring may 
not be right SIP. D 

Remark 2.9. A right SIP ring may not be SSP. 

K K , ^ ^ . ^ . , 

I be the ring of upper triangular matrices over a 




field ir, iV = I ;; ;; ) , L = I ) left ideals of R and let M = R/L. 

SetU = N®M and S = End{RU). By '^ Remark, Page 81], S is two-sided 
SIP but not SSP D 

Remark 2.10. A right C3 and left SIP ring may not be SSP. 



Proof Set R 
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where F2 is the field with only two elements 

V ¥2 J 

and 1. It is clear that i? is a ring. We show that i? is a right C3 and left 
SIP ring but not SSP. Let e^- denote the matrix units in R. The following are 
all nontrivial idempotents of R: Ei = en, E2 = 622, E3 = 633, E4 = en + 622, 
E5 = 611 + 633, Ed = 622 + 633, Ej = 611 + 613, Es = 633 + 613, Eg = 611 + 622 + 613, 
Eio = 622 + 633 + 613. Thus, all nontrivial right (left) direct summands of i? are 
EnR {REn), n = 1, ... ,10. Through direct computations, R is right C3 and 
left SIP. But R is not SSP because RE^ + REj is not a left direct summand 
oiR. D 
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Theorem 2.11. Let e be an idempotent of a ring R. If R is SSP, then eRe is 
also SSP. 

Proof. Suppose / and g are two idempotents oi S = eRe. We show that 
fS + gS <0 Ss- It is clear that / and g are idempotents of R. Since R is SSP, 
there exists an idempotent h oi R such that fR + gR = hR. As f, g G S, 
h = eh. Hence (ehe)"^ = eheehe = eh'^e = ehe G S. This shows that ehe is an 
idempotent of 5". Then 

fS + gS = feRe + geRe = fRe + gRe = {fR + gR)e = {hR)e = ehRe. 

Since ehRe = hRe = K^Re = eheehRe C ehe{eRe) C ehRe, fS + gS = eheS. 
Thus, S is an SSP ring. D 

It is easy to see that an SSP ring may not be regular. But when the rings 
are nxn matrix ring in which n > 1, the two definitions are equivalent by the 
following Theorem 2.14. 

Lemma 2.12. [3, Corollary 2.4 (i)] Let M be a right R-module, S=End(MR). 
If M is quasi-projective, then M has the SSP if and only if S is SSP. 

Lemma 2.13. [3, Proposition 2.8] Let M be a quasi-projective right R-module, 
S=End(Mji) is regular if and only if M^ has the SSP. 

Theorem 2.14. The following are equivalent for a ring R. 

(1) R is regular. 

(2) M2(i?) zs SSP. 

(3) Mn{R) IS SSP for some n > 1. 

(4) Un{R) IS SSP for anyn>l 

Proof. Since a matrix ring over a regular ring is also regular, (1)^(2) and 
(1)^(4)^(3). It is obvious that End(i?^)^ M„(i?),Vn > 1. By the above 
two lemmas, (2)^(1). Because a direct summand of a module with the SSP 
also has the SSP (see [SJ Proposition 1.2]), (3)^(2) is obtained by Lemma 
2.12. D 

The following example shows that SSP is not a Morita invariant. 

Example 2.15. The ring of integers Z is an SSP ring, but M2x2(Z) is not 
SSP. 

Proof. Since Z is commutative, by Example 2.5, Z is SSP. But M2x2(^) is not 
SSP. If it is SSP, by the above theorem, Z is regular. This is a contradiction. 

D 
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At last, we give a new connection between semisimple rings and SSP rings. 
The next lemma was obtained by Yiqiang Zhou. To be completeness, we 
show the proof. Recall that an i?-module M is called a C2 module if every 
submodule that is isomorphic to a direct summand of M is itself a direct 
summand of M. 

Lemma 2.16. (Zhou) Let R he a ring and M a right R-module. If the direct 
sum M ® M is a C3 module, then M is a C2 module. 

Proof. Assume i^ is a submodule of M that is isomorphic to a direct summand 
L of M. We want to show that K is also a direct summand of M. Let / be 
the isomorphism from K to L. Set K' = {{x,f{x)) : x G K}., L' = (B L 
and M' = M © 0. Then K' + M' = M ® L is a direct summand of M © M. 
Since K' fl M' = 0, K' is also a direct summand of M © M. It is clear that 
K' n L' = and L' is a direct summand of M © M. Since M © M is a C3 
module. K' + L' = K (B L is a direct summand of M © M. As i^ © is a direct 
summand of -ft' © L, i^ © is also a direct summand of M © M. This shows 
that i^ © is a direct summand of M © 0. Now it is clear that K is a direct 
summand of M . D 

Theorem 2.17. The following are equivalent for a ring R. 

(1) R is semisimple. 

(2) CFMa(-R) is SSP for a countably infinite set A. 

(3) C¥Ma{R) is SSP for some infinite set A. 

(4) CFMA(i?) IS SSP for any infinite set A. 

Proof. If R is semisimple, it is obvious that every i?-module has the SSP. Let 
A be an infinite set. It is not difficult to prove End(i?5f^) = CFMA(i?). By 
Lemma 2.12, (1)^(4)^(3). It is clear that a countable direct sum copies of 
Rr can be looked as a direct summand of any infinite direct sum copies of Rr. 
Then (3)^(2) can be obtained by Lemma 2.12. 

At last, we prove (2)^(1). If CFMA(i?) is SSP for a countably infinite set A, by 
Lemma 2.12, R)^ has the SSP. Since the SSP is inherited by direct summands 
and Rji can be looked as a direct summand of R\^ , Rj^ has the SSP. Then 
M2(-R) is a regular ring by Lemma 2.13. This implies R is a regular ring. 
Now we show that i? is a right perfect ring. First we show that R)^ is a C2 
module. Since i?if^ has the SSP, R^^^ is a C3 module. As (i?if^ ®Rr^) = Rr\ 
Rr © Rr is also a C3 module. According to Lemma 2.16, Rj^ is a C2 
module. In order to prove that R is a right perfect ring, by [21 Theorem 28.4], 
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we only need to show that R satisfies DCC on principal left ideals of R. The 
following method is owing to Bass. Let Rai ^ Ra2ai ^ ■ ■ ■ be any descending 
chain of principal left ideals of R. Set F = R)^' with free basis Xi,X2,--- 
and G be the submodule of F spanned by yi = Xi — Xj+iaj,? G N. By [2], 
Lemma 28.1], G is free with basis yi, 2/2, • • •• Thus G = F. F is a C2 module 
implies that G is a direct summand of F. Then by [2| Lemma 28.2], the chain 
Rai ^ Ra2ai ^ ■ ■ ■ terminates. Since R is both regular and right perfect, R 
is a semisimple ring. D 

By Theorem 2.17 and Lemma 2.12, we have 
Corollary 2.18. R is a semisimple ring if and only if Rji has the SSP. 

Corollary 2.19. [H Theorem 9] Let R be a ring. The following are equivalent. 

(1) R is semisimple. 

(2) Every R-module has the SSP. 

(3) Every projective module has the SSP 

Proof. (1)^(2)^(3) is obvious. By the above corollary, (3)^(1). D 

ACKNOWLEDGMENTS 

References 

[1] M. Alkan and A. Harmanci: On summand sum and summand intersection property of 

modules. Turkish J. Math. 26 (2002), 131-147. 
[2] F. W. Anderson and K. R. Fuller. Rings and Categories of Modules. Springer- Verlag, 

New York, second edition, 1992. 
[3] J. L. Garcia: Properties of direct summands of modules. Comm. Algebra 17 (1989), 

73-92. 
[4] J. Hansen: Moudlcs with the summand intersection property. Comm. Algebra 17 

(1989), 135-148. 
[5] G. V. Wilson: Modules with the summand intersection property. Comm. Algebra 14 

(1986), 21-38. 



